3-MANIFOLDS WITH IRREDUCIBLE HEEGAARD SPLITTINGS 

OF HIGH GENUS 
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Abstract: Non-isotopic Heegaard splittings of non-minimal genus were known previously only for very 
special 3-manifolds. We show in this paper that they are in fact a wide spread phenomenon in 3-manifold 
theory: We exhibit a large class of knots and manifolds obtained by Dehn surgery on these knots which 
' admit such splittings. Many of the manifolds have irreducible Heegaard splittings of arbitrary large genus. 

All these splittings are horizontal and are isotopic, after one stabilization, to a multiple stabilization of 
' certain canonical low genus vertical Heegaard splittings. 

^ ■ <>0. Introduction 

-s. 

Every closed orientable 3-manifold M lias a Heegaard splitting which is a decomposition 
of M along an orientable surface EcM into two handlebodies Hi, Hi . The genus of this 
Heegaard surface £ is called the genus of the splitting. There is a canonical process, called 
stabilization, which transforms a Heegaard splitting of genus g into one of genus g + 1. If M 
is irreducible, then a Heegaard splitting M = Hi H^ is irreducible if it is not obtained 
from another splitting of lower genus by stabilization. A detailed review of these notions 
and facts is given below in Section 1. 

G\ ■ 

The set TC(M) of all isotopy classes of Heegaard splittings for a given 3-manifold 
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M could be determined so far only for a small number of "simple" manifolds (see the 
discussion in Section 1). Still, it is known for many manifolds M that there is more than 
one isotopy class of minimal genus Heegaard splittings (see [LM1], [LM2]). For Seifert 
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fibered spaces all irreducible Heegaard splittings are classified into two types: They are 
either vertical or horizontal (see Definition 1.2). There is accumulating evidence that a 
similar classification might be true for hyperbolic manifolds (see [MR], [MS], [CG] and the 
discussion in Section 1.) 

For non-minmal genus Heegaard splittings very little is known. The only manifolds 
M for which non-isotopic Heegaard splittings of non-minimal genus have been exhibited 
are obtained by surgery on pretzel knots (Casson-Gordon [CG]), or by torus sum of pretzel 



^ Supported by Heisenberg-Stipendium from Deutsche Forschungsgemeinschaft (DFG). 
2 

Supported by The Fund for Promoting Research at the Technion grant 100-053. 



1 



link complements with 2-bridge link complements (Kobayashi [Ko]). In both cases M is 
shown to contain irreducible Heegaard splittings of arbitrary large genus. 

In this paper we define vertical and horizontal Heegaard splittings in a broad context, 
which generalizes the above mentioned earlier notions. Our results stated below show that 
the results of [CG] and [Ko] about high genus irreducible Heegaard splittings are only 
the first examples for a phenomenon which is in fact wide spread among 3-manifolds, and 
which is based on the existence of high genus horizontal Heegaard surfaces of pairs: 

For a general 3-manifold M and a link K C M we introduce the notion of a Heegaard 
splitting of a pair (M, K) which can be vertical or horizontal (see Section 1.1). A vertical 
Heegaard splitting of (M, K) will always induce a Heegaard splitting on all manifolds 
obtained by surgery on K. However, a horizontal Heegaard splitting E of (M,K), will 
induce Heegard splitting only on manifolds obtained by specific surgeries. Nevertheless we 
show that horizontal Heegaard splittings are quite common. 

Recall that every knot or link K C S 3 is isotopic to a 2n-plat (see Fig. 4.1) of length m, 
for some m,nGN, and that every such 2n-plat can be described by a family of parameters 
aij G 7L , called twist coefficients (see Section 4). Summing up a well defined subset of 
these twist coefficients (see Section 4) we compute a plat linking number a(K) e 7L . To 
every closed 3-manifold obtained by surgery on a knot K, given as a 2n-plat, there are 
two canonically associated Heegaard surfaces T, top and T, bot of genus n, see Section 5. Let 
M = K(£) denote the closed 3-manifold obtained from |- surgery on K. 

Theorem 0.1. Let K be knot given as 2n-plat in S s , and assume that all twist coefficients 
satisfy \a^j\ > 3. Then for all k € 7L , with \k\ > 6, the manifold K( 1+k ^ K ' ) has an 
irreducible Heegaard splitting of genus m(n — 1) . Furthermore all these Heegaard splittings 
are horizontal. 

The main tool in this paper is a new combintorial object called trellis, (see Section 
2) which generalizes the notion of a 2n-plat and allows us to present a knot or link by 
a family of integer parameters, assembled in a twist matrix. Again, we can compute 
an analogous trellis linking number a(K). For every knot K, carried by a trellis T, we 
obtain a trellis Heegaard splitting of genus g(T) for the pair (S 3 ,K) and for the surgery 
manifold K( 1+k ^ K) ). If we consider trellisses with a particular combinatorial feature, 
called interior pair of edges, we can perform flypes at these more general knots in a similar 
way as done by Casson-Gordon in [CG] for pretzel knots (see Section 3). This allows us 
to show an analogous result for a rather large class of 3-manifolds: 
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Theorem 0.2. Let T be a generalized trellis and let K = K(A) C S s be a knot carried 
by T with twist matrix A. Assume that all coefficients ctij of A satisfy |a i;J - 1 > 3 and that 
there is an interior pair of edges (e^e^) of T with twist coefficients \dij\, \a-i,h\ > 4. 
Then for all k,n G 7L , with \k\ > 6, the manifolds K( 1+h ^ K ^ ), have irreducible Heegaard 
splittings S(n) of arbitrarily large genus g(T) + 2n, all of which are horizontal. 

The above theorems seem, at first sight, to squelch the hope for a natural structure 
theorem concerning the set H(M) of all isotopy classes of Heegaard splittings for M. 
However, the following result perhaps resurrects some of these hopes: 

Theorem 0.3. Let T be a generalized trellis and K C S 3 a knot carried by T. Then for 
all k G 7L the trellis Heegaard splitting of K( 1+k< r- K ' ) is isotopic, after one stabilization, 
to a multiple stabilization of the canonical top Heegaard splitting Yi top (and also of Tj^, ot ) 
defined by K. In particular, for K as in Theorem 0.2, all of the splittings S(n), stabilized 
once, are stabilizations of a common low genus Heegaard splitting. 

Here T, top and Eb ot are low genus vertical Heegaard splittings of M = K( 1+ fc ^ K ' ) 
with respect to the core curve K' of the surgery filling torus. They generalize the canonical 
top and bottom splittings for 2n-plats (see Section 5). It has been shown in [LM2] that 
for sufficiently complicated 2n-plats, E top and S^ot are typically of minimal genus, and 
that they are non-isotopic in M. Examples of arbitrarily high genus Heegaard splittings 
which are isotopic after one stabilization were found by Sedgwick (see [Se]). However, it is 
not known whether the Heegaard splittings in those examples are non-isotopic before the 
stabilization, nor whether that they are stabilizations of a common low genus Heegaard 
splitting. 

Haguiwara (see [Ha]) has shown that the canonical top and bottom splittings for 2n- 
plats become isotopic after at most 2n — 1 stabilizations at each of them. We give a short 
proof of his result in Section 7, as well as fairly general geometric conditions on the plat 
which ensure that less stabilizations suffice (see Proposition 7.2). 

We consider the elements of the set 7i(M) as vertices of a graph in the plane. The 
vertices are assembled into horizontal levels according to the genus of the Heegaard split- 
tings. An edge will connect any two vertices (isotopy classes of Heegaard splittings) if one 
can be obtained from the other by a single stabilization. The graph 7i(M) is a 1-ended 
tree (by a well known result of Reidemeister-Singer), which we call the Heegaard tree for 
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M. The results of this paper, as well as all previous results known to us, indicate that 
H(M) may in general have the following structure: 

There is a finite root part of H(M), which contains all irreducible vertical splitting. 
Heegaard splittings of the same genus in the root of H(M) may well need more than 
one stabilization before they become isotopic, although such phenomenon has never been 
proved so far. The maximal level of this root part consists of a single point, and from 
this point there starts an infinite ray moving upward, called the trunk of 7i(M). At each 
vertex level of the trunk, or even of the root part, there may be branches attached, i.e., 
edges which go down into the next lower level. Their lower endpoint (a vertex of 7i(M) 
not on the trunk) represents an irreducible horizontal Heegaard splitting. In all manifolds 
known to us these branches all have length 1. 

Since there are only finitely many isotopy classes of Heegaard splittings of the same 
genus (by recent results of Pitts- Rubinstein and Stocking [St]), there are only finitely 
many such branches at each level. There are examples (see [Ko]) where the number of 
these vertices grows polynomialy, if one moves up the trunk. 

Aknowledgements: The authors would like to thank the Technion, the Frankfurt- 
Bochum travel grant from the DFG, and in particular the Volkswagen-Stiftung's RIP- 
program at the Mathematisches Forschungsinstitut Oberwolfach for their generous help. 
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§1. Heegaard splittings of pairs 

In this section we define the basic set up for this paper. For general definitions and 
terminology see [BZ2], [Ro] and [He]. At the end of the section we give a short survey 
about the development of the notions of vertical and horizontal Heegaard splittings. 

A compression body W is a 3-manifold with a prefered boundary component d + W 
and is obtained from a collar of d + W by attaching 2-handles and 3-handles, so that the 
connected components of <9_ W = dW — d + W are all distinct from S 2 . The extreme cases, 
where W is a handlebody i.e., d-W = 0, or where W = d + W x 7, are admitted. Notice 
that, contrary to the original definition in [CG], we require here (as in [ST] and [Sh]) that 
compression bodies be connected. 

A Heegaard splitting (Wi, W2) of a 3-manifold M, possibly with non-empty boundary, 
is a decomposition M = W± U W2, where the Wi are compression bodies and W\ D W2 = 
d + Wi = d + W2- The genus of the Heegaard surface E = d + W\ = d + W2 is called the genus 
of the Heegaard splitting. 

A Heegaard splitting (W±, W2) of a 3-manifold M is called weakly reducible if there are 
disjoint essential disks D\ C W± and D2 C W<i. Otherwise it is called strongly irreducible. 
A Heegaard splitting is called reducible if there are two essential disks Di C W\ and 
D 2 C W2 so that dDi = dD 2 ; otherwise it will be called irreducible. 

o 

Given a handlebody if, let D C H be a collection of disks so that H — N(D) is a 
collection of 3-balls. A wave uj with respect to D is an arc in dH so that du is contained 

o 

in a component of D, furthermore u> fl D — 0, and u is not homotopic relative du into D. 

Definition 1.1. Let K be a knot or a link in a 3-manifold M. A Heegaard splitting of 
the pair (M, K) is a Heegaard splitting of M where the Heegaard surface E contains K as 
a union of simple closed curves. 

Definition 1.2. A Heegaard splitting for the pair (M,K) is called vertical if for each 
component of K there is some properly embedded essential disk in one of the two handle- 
bodies which is intersected transversally precisely once by K , and it is called horizontal if 
E — K is incompressible in M — K (which is the same as saying that it is incompressible 
in both handlebodies) . 

Notice that if the genus of a vertical Heegaard surface E of the pair (M, K) is bigger 
than the number of components of K then E — K is always compressible. Hence the vertical 
and the horizontal case are in this sense opposites extremes of each other. 



5 



First examples of a horizontal Heegaard surface E for a pair (S 3 , K) are given by any 
incompressible free Seifert surface S for the links K C S 3 . Any link in S 3 has a free Seifert 
surface S, i.e., an orientable surface S C S 3 with dS = K such that the complement of S 
is a handlebody, and E is obtained by simply defining E = dN(S). The Seifert algorithm 
for obtaining a Seifert surface for a knot or link always gives such a free Seifert surface. 
If S is incompressible, then E will be horizontal. However, in general it is not true that 
a free Seifert surface will be incompressible. In fact, there are knots in S 3 for which any 
free Seifert surface must be compressible (see [Ly]). 

If E is a vertical Heegaard surface for the pair (M, K) then it gives rise to a Hee- 

o 

gaard splitting for the manifold M — N(K). This splitting is obtained by isotopying each 
component Ki off E into the handlebody which contains the disk punctured once by K^. 
The handlebodies H\ and H2 are then transformed into compression bodies W± and W2 

o o 

in M —N{K) which together determine a Heegaard splitting for M —N(K). In particular, 
since the components Ki are core cuves of the original handlebodies, this gives a Heegaard 
splitting for all closed manifolds obtained by surgery on K, for any surgery value. 

If, on the other hand, the Heegaard surface E of the pair (M, K) is not vertical, it will 

o 

in general not be isotopic in M to a Heegaard surface for M —N(K). The boundary of a 
neighborhood N(Ki) of each component Ki of K , i = 1, d, is cut by E into two annuli 
A} and Af. The surface E — N(K) determines a splitting (not a Heegaard splitting!) 

o o 

of M — N(K) into two handlebodies W± and W 2 which are glued along E — N(K) = 
dWi — UA] = dW 2 — UAf. If for each i we glue the two annuli A \ and Af together by a 
multiple Dehn twist along either of them, the Heegaard surface E will define a Heegaard 
splitting of the resulting manifold. 

Let Pi C dN(Ki) be a curve dual to <9iE = dT l ndN(K i ) : i.e., a curve on dN(Ki) inter- 
secting diTi in a single point. We can choose Pi to bound a meridian disk in N{KA. Then, 
for any integer ki, glueing the annuli A\ and Af together via a fcj-fold Dehn twist is equiv- 
alent to performing ^--surgery on Ki with respect to the basis for Hi(dN(Ki)), 
and conversely. Let us denote by E(i), where k = (k\, k^), the manifold obtained by 
^--surgery on each Ki. Hence for all pairs (M,K) the surface E determines a Heegaard 
splitting for the pair (E(i), K). 

In unpublished work Casson and Gordon proved the following important result (see 
[MS] for a proof). It is formulated here in the terminology introduced above: 
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Theorem 1.3. [Casson-Gordon] Let K C S s be a knot and E a horizontal Heegaard 
surface for the pair (S 3 ,K). Then for all manifolds S(^), with \k\ > 6, the Heegaard 
splitting determined by the surface E is strongly irreducible. 

If K C M is a link in a some manifold M and E is a Heegaard surface for M, then 
we say that E is vertical (or horizontal) with respect to K if K can be isotoped onto E to 
give a vertical (or horizontal) Heegaard splitting of the pair (M, K) . If the reference to K 
is non-ambiguous, we sometimes simply say that E is vertical (or horizontal). 

We conclude this section by giving some of the history of vertical and horizontal 
Heegaard splittings. None of the following is used in the sections to come. 

Vertical Heegaard splitting were first defined by Boileau and Otal in the context of 
Seifert fibered spaces over S 2 with three exceptional fibers. These are Heegaard splittings 
where the handlebodies contain the exceptional fibers as cores, i.e., as curves which meet 
an essential disk in one of the handlebodies in a single point. It was known already 
then, by an observation of Casson and Gordon, that there were other Heegaard splittings 
for these Seifert fibered spaces and that one could isotope an excetional fiber onto the 
Heegaard surface also in these cases (see [BO]). The Heegaard splittings for general Seifert 
fibered spaces that were described by Boileau and Zieschang in [BZ1] before the work of 
Boileau-Otal were by our definition all vertical with respect to any of the exceptional fibers, 
while the exceptional Heegaard splittings, case (i) of Theorem 1.1 of [BZ1], are Heegaard 
splittings of the pair (M, /) where / is an exceptional fiber. 

In unpublished work Casson and Gordon showed that one could find more examples 
of horizontal Heegaard splittings. They showed that some of the manifolds obtained by 
surgery on certain generalized pretzel knots admit irreducible Heegaard splittings, where 
the core curve of the surgery torus can be isotoped onto the Heegaard surface. The 
complementary surface is incompressible to both sides, thus defining a horizontal splitting 
of the pair. These knots are all hyperbolic knots, (see [Ka]), which shows that horizontal 
Heegaard splittings are not confined to Seifert fibered spaces. 

The view point that these exceptional Heegaard splittings were infact not an exotic 
phenomenon at all was strengthened by a structure theorem for irreducible Heegaard split- 
tings of negatively curved 3-manifolds, proved by the second author and Rubinstein (see 
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[MR]). They showed that given a link in a negatively curved 3-manifold and the full collec- 
tion of manifolds obtained by surgery on this link then all Heegaard surfaces for " almost 
all" of these manifolds come from Heegaard surfaces of the pair (M, K) . 

Horizontal Heegaard splittings were, in the case of general Seifert fibered spaces, intro- 
duced first by the second author and Jennifer Schultens (see [MS]). They showed that for 
orientable Seifert fibered spaces all Heegaard splittings are stabilizations of either vertical 
or horizontal Heegaard splittings. Here a horizontal Heegaard splitting (see Definition 3.1 
of [MS]) of a Seifert fibered space is one which is obtained from a surface liberation over 
the circle of the complement, in the manifold, of a fiber. Note that in this case the fiber can 
be isotoped onto the Heegaard surface and that the Heegaard surface less a neighborhood 
of the fiber is incompressible in both handlebodies. Note also that not all Seifert fibered 
spaces have such Heegaard splittings. 
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§2. Trellis Heegaard splittings 

Let T be a graph in a vertical plane P C R 3 which consists of horizontal and vertical 
edges only. Every maximal connected union of horizontal edges of T is called a horizontal 
line. The union of two adjacent horizontal lines and all vertical edges spanned between 
them is called a horizontal layer. If T has m horizontal layers and contains n vertical 
edges in each of them, arranged in "brick like fashion" as in Fig. 2.1, it is called a standard 
trellis of size (m, n). Its regular neighborhood inlR 3 is a handlebody Hi = N(T) of genus 
g(T) = m(n— 1), embedded in the standard way in S 3 , which we identify with the one-point 
compactification of R 3 . 



Fig. 2.1 

For any integer (mxn)-matrix A = (a^.j) we define a knot or link K = K(A) contained 
in the boundary of the handlebody Hi and winding around the trellis T as in Fig. 2.2. 
There each configuration as in Fig. 2.3, occuring at the j-th twist box, counted from the 
left, of the i-th layer, counted from the top, indicates a^j half twists. We call a^j the twist 
coefficients and A the twist matrix. We always use P as projection plane for K = K(A). 
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Note that the long horizontal strings are on the back of the trellis. 



Fig. 2.2 



Fig. 2.3 

Whenever a trellis T C S 3 and a knot or link K C S s are given, and K is isotopic 
to K(A) for some twist matrix A as above, then we say that K is carried by T with twist 
matrix A. 

As the complement H 2 = S s —N(T) of Hi is also a handlebody, the pair (Hi,H 2 ) 
defines a Heegaard splitting of the pair (S 13 , K), which we call the trellis Heegaard splitting. 
We refer to Hi as the inner handlebody and to H 2 as the outer handlebody of this splitting. 
As in the last section we denote the surface which is their common boundary by E. The 
plane P cuts E into two connected components which we refer to as the front and the back. 
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Notice that K bounds a possibly non-orientable surface S in Hi, denned by replacing 
every vertex of T by a small disc in P and every edge of T by a twisted band attached to 
those disks. 

Lemma 2.1. The surface E — K is incompressible in the inner handlebody Hi. 

Proof. The handlebody Hi admits a structure of an orientable /-bundle over the surface 
S. Hence E — K is isotopic in dH\ to the induced orientable <9 /-bundle over S, which is 
the orientable double cover of S in case S is unorientable, or, if S is orientable, it is the 
disjoint union of two copies of S. In particular the fundamental group of (a component 
of) E — K is mapped injectively to iri(S) = tti(Hi). 

□ 

Lemma 2.2. If n > 3 and if all twist coefficients satisfy \ciij\ > 3 then E — K is incom- 
pressible in the outer handlebody H 2 ■ 

Proof. Notice that the projection plane P cuts the handlebody Hi through the middle. 
Let V = {Dij}, for 1 < i < m and 1 < j < n — 1, be the set of disks given by those 
connected components of P fl H 2 which are compact. The complement of V in H 2 is a 
3-ball. 

We now want to remove all inessential intersections of K with D by an isotopy of 
K on E ("tightening K with respect to D"). Such inessential intersections occur only at 
the top or the bottom horizontal line of T. It occurs exactly if some aij is negative and 
ciij+i is positive, or if a m j is positive and a m j + i is negative. Hence by isotopying some 
of the top and some of the bottom arcs of K — P from the front to the back of E we 
eliminate all of the inessential intersections. Notice that our assumption \a,ij\ > 3 implies 
that after these isotopies each vertical column of Hi, i.e., the neighborhood of a vertical 
edge of the underlying trellis, has at least one small horizontal arc of K on the front of E 
which connects the two adjacent disks Dij and Dij + i, and another such arc on the back. 

Let 7 be a loop in E — K which is contractible in H 2 and transverse to V. Hence, 
after tightening 7 with respect to V, the loop 7 either misses V or else it contains a wave 
with respect to D (see Section 1). 

It follows from our assumption \a^j\ > 3 that the connected components Ej of E — 

o 

N(K — V) do not contain essential loops. Therefore the curve 7 must meet V and hence 
it must contain a wave 70. 
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This wave 70 is a properly embedded arc in some connected component Ej of E — 

o 

N(K — V). Its endpoints are on some dDij, (more precisely, on the parallel copies of <9Pj,j 

on dN(Dij)), and 70 must join two distinct connected components of the intersection 

Dij n Ej from the same side of Dij. Thus we have reduced our goal, showing that there 

is no essential loop in E — K which bounds a disc in H 2: to showing the following: 

... 

Claim: For each connected component Ej of E —N(K — T>) the intersection of Ej with any 
Di j is either empty, or consists of precisely one arc, or consists of precisely two arcs along 
which Ej meets D i} j from opposite sides of P. 

To prove this claim we devide the complementary components of K U T> in E into 
finitely many classes, according to their position on E as pictured in Fig. 2.4. 



Fig. 2.4 

Those complementary components which are just small horizontal strips on the front 
or the back of a vertical column of Hi satisfy the claim, as they meet V in precisely 
two arcs, which belong to distinct Pjj unless the column is an outermost one. For the 
outermost columns the horizontal strips run around from the front to the back and hit the 
same disk P/jj twice, but from opposite sides of P, so they also satisfy the claim. 

Next we consider the class of complementary regions Ej which are located on the front 
of E, and are in one to one correspondence with the valence-3- vertices of T other than those 
on the top or on the bottom horizontal line. Each such "triangular shaped" Ej can meet 
at most four disks Dij, and these are all distinct, unless Ej is outermost on its horizontal 
layer. In the latter case we notice that the assumption n > 3 implies that the triangular 
region can not be outermost simultaneously to the right and to the left. Hence at most 
two of the four intersection arcs may belong to the same disk Pj,j, but then Ej meets that 
disk from opposite sides of P, which proves the claim for this class of regions as well. 
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A third class of complementary components Ej arises on the back of E. Each such Ej 
contains in its boundary one of the subarcs of K which have been isotoped from the front 
to the back in the tightening process of K, and E; meets at most three distinct Dij. If Ej 
is outermost on its horizontal layer two of the Dij will agree, but then they are met by 
Ej from opposite sides of P . 

It remains to check the last class, consisting of "long horizontal" complementary re- 
gions, one on the top front of the first layer, one on the bottom front of the last layer, 
and two regions on the back of each layer . However, it is easy to check that each of those 
regions meets any non-outermost (in its horizontal level) disc Dij in at most one arc, while 
the outermost discs Dij could be met by some regions possibly twice, but if that happens 
then they are met from opposite sides of P. This proves the Claim and hence the lemma. 

□ 

In what follows we will admit more general knots K = K(A) than the ones considered 
so far: We start with a standard trellis T of size m x n and remove any number of vertical 
edges or horizontal edges, with the following restrictions: There are at least three vertical 
edges in each layer, there is only one horizontal line in each horizontal level, there are no 
edges of valence one, and the trellis is connected. The resulting graph T' will be called 
a generalized trellis. As before, a knot or link carried by the generalized trellis defines a 
twist matrix A, which is an (m x n)-matrix A with integer coefficients, except that we use 
the convention that we set ciij = oo for those entries of A which correspond to the vertical 
edge eij of T that were deleted when passing over to T". 

Conversely, given such a matrix A, the knot or link K = K(A) is built in the neigh- 
borhood of the deleted edges on the local model used for standard trellisses at the top 
and at the bottom horizontal lines, so that all the terminology and all the basic facts for 
standard trellisses extend to the case of a generalized trellis T as well. We define the genus 
g(T) of T to be the genus of the handlebody Hi = N(T). 

The proof for the incompressibility of E — K in the inner handlebody Hi (as in 
Lemma 2.1) carries over word by word to generalized trellises. In order to prove the 
incompressiblity of E — K in the outer handlebody H2 we need to make the following 
adjustments in the proof of Lemma 2.2: 

(a) In the tightening process of K with respect to D, we may need to isotope additional 
arcs from the front to the back. These additional arcs will occur at the top or the 
bottom of the deleted vertical edges. 
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(b) We will now have to consider regions which replace the triangular shaped components 

o 

of E — N(K — D) on the front of E for a standard trellis, but are more complicated. 
These regions may now have more "sides": They do not necessarily correspond any 
more to single vertices on interior horizontal lines of T, but rather to segments on such 
lines. These segments contain only vertices which bound vertical edges from above or 
only vertical edges from below, and are maximal with respect to this property. It is 
easy to see that these new regions still satisfy the Claim in the proof of Lemma 2.2, 
so that the proof of this lemma carries over directly to generalized trellises T. 

We summarize the results of this section with the following: 

Proposition 2.3. Let K = K(A) be a knot or link carried by a generalized trellis T with 
twist matrix A that has coefficients a i} j G 7L U{oo}. If all twist coefficients satisfy \dij\ > 3 
then the trellis Heegaard splitting of the pair (S S ,K) associated to T is horizontal. 

□ 

The proofs of Lemma 2.2 and Proposition 2.3 show that the condition \ciij\ > 3 is 
by no means a necessary condition for both statements. For example, a local necessary 
condition is that not both of a^j and a^fc be for j ^ k. However, it seems difficult, at 
this stage, to give precise necessary and sufficient conditions. 

Definition 2.4. For any knot K carried by a generalized trellis T we define the trellis 
linking number a(K) as the element of Hi(S 3 — N(K)) determined by a component of 
<9(E — N(K)), where E = dN(T). 

The trellis linking number a{K) can be computed as follows: Choose an orientation 
for K. Let A is the twist matrix of K. Define A to be the set of all twist coefficients 
ciij G A with the property that the two oriented strings of the knot K cross through the 
corresponding twist box of the trellis projection in the same vertical direction. Notice that 
in this case the local linking of the knot with a parallel curve on the surface E is twice 
the twist coefficient a^- . If the orientations of the strings are opposite then the linking 
number is 0. Notice also that the strings of K on the back of the trellis do not contribute 
to the local linking. Hence a(K) = 2T,{ciij\aij G Aq}. In particular the boundary slope on 

o 

dN(K) determined by d(E—N(K)), expressed in the usual meridian/longitude coordinates 
of Hi(dN(K)), is ^p. It follows that E(i) = K( 1+k f K) ). 
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§3. Flypes 



Let T be a generalized trellis. We say that two adjacent vertical edges e^j, e^k in the 
z-th interior horizontal layer, with i ^ 1, m, is an interior pair of edges if e^j and e^fc are 
not outermost, and if the segments of the two horizontal lines bounded by the vertices of 
e^j and satisfy the following properties: 

(a) There are no vertical edges in the (i — l)-th or in the (i + l)-th horizontal layer which 
have endpoints on either of the two segments. 

(b) There are two vertical edges in the (i — l)-th and two in the (i + l)-th horizontal layer 
which have endpoints separating the two segments from the endpoints of all other 
vertical edges in the z-th layer. This is illustrated in Fig. 3.1. 



Fig. 3.1 

A flype at the interior pair of edges (e^-, e^k) is an ambient isotopy of K which is 
obtained as follows: Consider a box in S 3 which intersects K in exactly the two subarcs 
of K winding around the edge e^j , the two subarcs winding around , and in the two 
horizontal subarcs on the front of S connecting the top of e^j to the top of , and the 
bottom of eij to the bottom of e^j respectively, (see Fig. 3.2.) 



Fig. 3.2 
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A flype will flip the box by 180 degrees about a horizontal axis leaving all parts of the 
knot outside the box fixed. This operation changes the projection of K in P by adding 
a crossing on the left and a crossing on the right side of the box. These crossings have 
opposite signs. 

The projection of K obtained after a flype is carried by a new trellis. It differs from 
T in that there is a new vertical edge on the left side of e^j and another new one on the 
right side of e^fc, one with twist coefficient 1 and the other one with —1. The flype will 
be called positive if the coefficient of the right "new" edge is positive. A positive/negative 
flype iterated ±n times will be called an ±n-flype, (see Fig. 3.3). When the interior pair 
of edges in which the n-flype is performed is specified before we will denote the image of 
K after the n-flype by K(n) and the new trellis with the new 2n vertical edges by T{n). 
Similarly we will denote N{T{n)) by Hi(n) and dHi(n) by E(n). 

As before, the inner handlebody Hi(n) is cut by the projection plane P through the 
middle, and the compact components of the intersection of H 2 (n) = S 3 — -ffi(n) with P 
give a collection D(n) of disks, which cut H 2 (n) open to give a 3-ball. The disk collection 
D(n) consists precisely of the disks Dij defined as in the last section for T, and, for each 
flype, an additional two disks, one on the left of e^j, and one on the right of e^fc. 

Our next goal is to show that the surface E(n) — K(n) is incompressible in H 2 (n). As 
in the last section, we first have to tighten K{n) with respect to the disk system D(n). 
This is done by moving some arcs from the front to the back part of S(n), as explained in 
the last section for generalized trellises. In this tightening procedure we first isotope those 
arcs from the front of S(n) to the back which already had to be moved in order to tighten 
K with respect to D. The only place where K(n) may not be tight, after these "old" 
tightening isotopies, are horizontal arcs with one endpoint on the top or on the bottom 
of the vertical column corresponding to the edges e^j or e^. This is because all new 
left vertical edges have the same sign for their twist coefficient, and similarly for all new 
right edges (with opposite sign) . There are various cases according to the sign of the twist 
coefficients a^j and a^fc, and the sign of the flype, and they will be discussed in the proof 
of Lemma 3.2 below. 

If we try to show the incompressibility of S(n) — K(n) in the outer handlebody as 
before we will quickly run into a problem, as it will turn out that often the disk system 
D{n) decomposes S(n) — K(n) into subsurfaces and some of them do indeed contain a 
wave. Thus we first need to generalize our method: 



16 



For any knot or link K C E and a disk system D which cuts H 2 into one (or more) 
3-balls let us consider, as before, a decomposition of E into subsurfaces E; which are simply 
connected and which have boundary on K U dD. We require as before that E; meets K 
only in proper subarcs of <9Ej, but contrary to the above we allow the possibility that 
Ej contains some properly embedded arcs from dD. In other words, the decomposition 
considered here arises from the connected components of E — (K U D) by gluing together 
some of these components along segments of dD. 

Let 7 be a path which is properly embedded in E^ and transverse to D, with boundary 
points on two distinct components of <9E^ n D. Notice that, as Ej is simply connected, 
up to a homotopy of (7, d'j) in (E, <9E — K) there are only finitely many such paths. We 

o 

read off the word corresponding to the intersections of 7 with the disks from D, and freely 

o 

reduce it to get the interior word 10(7). Let 10(7) be the analogously defined word, but 
with the two extra intersections of 7 with D at the two boundary points of 7. These words 
are invarint modulo free reduction, with respect to relative homotopy of 7. As E^ is simply 
connected these words only depend on the two components of <9Ej n D which contain the 
endpoints of 7. 

o 

Lemma 3.1. If for each such 7 the freely reduced words a; (7) and a; (7) satisfy the equa- 
tion 

o 

length(w("f)) = length (10(7) + 2, 
then E — K is incompressible in the outer handlebody H 2 . 

Proof. Every loop p in E — K, after being made transverse and tight with respect to D, 
decomposes into arcs 7$ as above, which are concatenated along their boundary points: 
P = 7i72 • • -lq- By assumption any letter which correspond to one of these boundary 
points, say 7ifl7j+i (with % understood mod q), does not cancel with either of the adjacent 

o o 

reduced interior words wipji) or w(^i+\) (or against the first letter coming from the next 
arc 7^, in case the interior word is empty). 

Hence the whole loop reads off a reduced word which is non-trivial, and thus it can 
not be contractible in Hi. 

□ 
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Notice that if no Ej contains any properly embedded arc from dD then Lemma 3.1 
coincides with the old criterion that no Ej may contain a wave. 

This lemma will be applied below in a particular situation, which we want to spell out 
explicitly. It is easy to see that in this situation the hypotheses of Lemma 3.1 are satisfied 
for the regions Ej defined below. 

Lemma 3.2. Assume that one has a decomposition of E along K Li D as before. Assume 
also that for each wave 70 in any of the components Ej the two adjacent regions Ej, Efc of 
Ej which contain the endpoints of 70 satisfy the following conditions: 

(a) Ej and Efc do not contain waves, 

(b) Ej and E fc do not meet any of the curves dDi j e dD from the same side, and 

(c) the union Ej of Ej with all adjacent regions which contain an endpoint of a wave in 
Ej is simply connected. 

Then K is incompressible in the outer handlebody H 2 . 

□ 

We are now ready to prove: 

Lemma 3.3. Let K = K (A) be a knot or link carried by a generalized trellis T. Assume 
that all coefficients ciij of A which are different from 00 satisfy \dij\ > 3, and that there 
is an interior pair of edges (e^e^fe) of T with \dij\, |ai,fc| > 4. Then for any n-Hype at 
Gi,k) the surface E(n) — K(n) is incompressible in H2(n) . 

Proof. As the flype involves only a local part of the trellis and the knot or link carried by 
it, we can use the fact shown in the proof of Lemma 2.2 that those components Ej(n) of 
E(n) — (K(n) U dD(n)) which have not been changed by the flype do not contain a wave. 
Thus it suffices if we investigate those "new" components Ej(n) which intersect the flype 
box defined above. We will have to distinguish various cases according to the sign of the 
flype number n and of the twist coefficients dij and a^. In each of these cases there will 
be the following types of "new" complementary components of K(n) U D(n) in E(n): 

(a) Small "horizontal" strips on the front or on the back of the vertical columns corre- 
sponding to Si j and e^. 

(b) Two long horizontal regions on the front, which bound all of the new disks: One of the 
long regions bounds from above and the other long region from below. 
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(c) Two similarly long horizontal regions on the back. 

(d) Regions on the back which bound one of the arcs of K(n) moved to the back by our 
tightening isotopies above, and which bound precisely three disjoint disks from D(n). 



Fig. 3.3 

We now distinguish the following three cases, pictured in Fig. 3.3. All other possibil- 
ities can be treated similarly to one of them, by the two mirror-symmetries of the given 
set up. 

I. n < 1 and a^j > 4 and a^fc < —4 

II. n < 1 and a^j < —4 and a^^ > 4 

III. n < 1 and a^j > 4 and a^k > 4 

In cases I and II there is precisely one region of type (d), and in case (3) there is 
none. I any case, such regions never contain a wave. Clearly the regions of type (a) or 
(d) never contain a wave. In case I we check from Fig. 3.3 that none of the four long 
horizontal regions of type (b) or (c) contains a wave. In case II there are two such regions 
with precisely one wave each, namely the bottom region of type (b) , and the top region of 
type (c). The other two long horizontal regions do not contain waves. Similarly, in case 
III there are two long horizontal regions which contain a wave: The bottom region of type 
(b), and the top region of type (c). 

Observe that in each case the two adacent regions which contain the endpoints of the 
wave 7 are always of type (a) , and the two never belong to the same vertical column. It is 
easy to check that the conditions of Lemma 3.2 are satisfied, which proves that the surface 
S(n) — K(n) is incompressible in i7 2 (^)- 

□ 
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Theorem 3.4. Let T be a generalized trellis and let K = K(A) C S 3 be a knot or link 
carried by T with twist matrix A. Assume that all coefficients aij of A which are different 
from oo satisfy \ciij\ > 3 and that there is an interior pair of edges (e^-, e^h) of T with 
twist coefficients \dij\, ja^l > 4. Then for all n G 7L the trellis T(n) obtained from an 
n-ffype at this edge pair defines a trellis Heegaard splitting for the pair (S 3 , K) which is 
horizontal and of genus g(T(n)) = g(T) + 2n. 

In particular, if K is a knot, then for all the manifolds K{ 1+k ^( K ) ) with \k\ > 6 this 
induces a strongly irreducible Heegaard splitting of genus g(T) + 2n, for all n G 7L . 

Proof. For all n G TL the surface S(n) — K{n) is incompressible in the inner handlebody 
Hi by Lemma 2.1, and it is incompressible in the outer handlebody Hi by Lemma 3.3. 
Hence the trellis splitting defined by T(n) is horizontal, and as a consequence of Casson- 
Gordon's result, stated in Theorem 1.3, this gives a strongly irreducible Heegaard splitting 
of genus g(T) + 2n for the surgery manifolds K( 1+k £ K) ), with > 6. 

□ 

Proof of Theorem 0.2. The theorem follows directly from Theorem 3.4. 

□ 
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§4. Horizontal Heegard splittings for knots in plat projections 



In this section we apply the tools developed in the previous two sections for knots or 
links carried by a trellis, to knots or links given as plats (see [BZ] and Fig. 4.1). 



Fig. 4.1 

A 2n-plat projection as above, determines a (m x n)-prematrix A with integer twist 
coefficients a^j. A (m x n)-prematrix is a (m x n)- "matrix" where the odd numbered rows 
have only n — 1 entries instead of n. Precisely, for i odd we have 1 < j • < n — 1, while for 
i even we have 1 < j < n. 

A prematrix A determines, in a canonical way, a matrix A by defining cii tn = for all 
odd indices i. We will say that A is obtained from A by 0- filling. A first observation is 
the following: 

Lemma 4.1. Every knot or link K given as 2n-plat with twist prematrix A is isotopic 
to the knot or link K(A) carried by a standard trellis of size (m, n), with twist matrix A 
obtained by 0-filling from A. 

Proof. For every odd layer of the plat projection one takes the left-most vertical subarc 
k of K and moves it by an ambient isotopy along the back of the plat projection until it is 
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in a position right of the former right-most vertical subarc arc in this layer. This isotopy 
creates two long horizontal subarcs on the back, connecting the top end point in the old 
position of the arc k to the top of the new position, and similarly at the bottom of k. We 
now interpret the two right-most parallel vertical strings of this new projection of K as 
the n-th twist box of this layer (with twist coefficient equal to 0), and observe that this 
gives a knot or link K(A) precisely as claimed (see Fig. 4.2 ). 

□ 



Fig. 4.2 



Proposition 4.2. Let K be a knot or link in a 2n-plat projection, let A be the associated 
twist prematrix, and assume that all twist coefficients satisfy \a^j\ > 3. Then the trellis 
Heegaard splitting of the pair (S 3 , K(A)) is horizontal, where the twist matrix A is obtained 
by 0- filling from A. 

Proof. Let T be the standard (m, n)-trellis which carries K(A), and let E be the associated 
trellis Heegaard surface. By Lemma 2.1 the subsurface E — K is incompressible in Hi = 
N(T). Thus it remains to show that E — K is incompressible in H 2 = S 3 — Hi. The proof 
uses the same technique as that of Lemma 2.2 . 
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From the assumption that all twist coefficients of the prematrix A associated to the 
2n-plat K satisfy \a^j\ > 3 it follows that the twist matrix A for the trellis T satisfies the 
same condition, except that aj >n = whenever % is odd. As in the proof of Lemma 2.2 
we consider the decomposition of E into subsurfaces Ej by cutting along K U D, where D 
is the disk system in H 2 considered there. It is shown there that, if all twist coefficients 
of A satisfy \a^j\ > 3, then none of the subsurfaces Ej contains a wave. Hence it suffices 
to consider only those subsurfaces which meet the right-most vertical column of an odd 
horizontal layer. 

It is easy to see that there are exactly three such complementary regions, and that 
the two of them which intersect this vertical column only on the front do not contain 
a wave. However, the third one does contain waves on the back of E. For each disk 
Di j e D in this layer, except for the right-most, there is a wave. It starts at the top of 
Dij, runs horizontally to the right, then down over the right- most vertical column, and 
then horizontally back to the bottom of Di j. Its two endpoints are in different connected 
components of dD i} j — K. A picture is given in Fig. 4.3. 



Fig. 4.3 

Notice that the waves pointed out above are the only waves in this region. Hence 
we can easily verify that the hypotheses of Lemma 3.2 are satisfied which implies the 
incompressibility of E — K in H2 ■ 

□ 
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Given a knot K is in a 2n-plat projection we can compute, as in Definition 2.4, a(K) 
with respect to the standard trellis T given by Lemma 4.1 . It is the linking number of a 

o 

boundary component of the corresponding surface E —N(K) with K. In this case we will 
call a(K) the plat linking number. 

Proof of Theorem 0.1. The surface E — N(K) is incompressible in the inner handlebody 
Hi by Lemma 2.1, and it is incompressible in the outer handlebody H 2: by Propostion 4.2. 
Hence the trellis splitting defined by T is horizontal, and as a consequence of Theorem 
1.3 this gives a strongly irreducible Heegaard splitting of genus m(n — 1) for all surgery 
manifolds K( 1+k % ), with \k\ > 6. 

□ 
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§5. Canonical Heegaard splittings 



The goal of this section is to extend the notion of canonical top and bottom Heegaard 
splittings which are defined for plat projection of knots or links K, reviewed below, to 
arbitrary projections of K. 

Definition 5.1. Let if be a knot or link given as 2n-plat inR 3 C S 3 =1R 3 U {oo}. Let 
7~i, ...,r n _i be a system of pairwise disjoint horizontal arcs which connect adjacent local 
maxima (the top bridges) of K (see Fig. 5.1). One defines the compression body W\ to 
be the union of a collar of dN(K) in S 3 —N(K), and of a regular neighborhood of the 
ti, r n _i . The handlebody H 2 = W2 is defined as complement (S 3 — N(K)) — Wi , 
and together they define the canonical top Heegaard splitting of S 3 — N(K) associated 
to the given 2n-plat projection of K. Analogously, if we replace the arcs Tj by similar 
arcs pi,...,p n _i connecting adjacent local minima of K we obtain the canonical bottom 
Heegaard splitting of S 3 — N(K). 



Fig. 5.1 
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Remark 5.2. As both canonical Heegaard splittings are obtained by adding tunnels to 
a regular neighborhood of K both splittings are (after pushing K on dN(K)) vertical 
splittings for the pair (S 3 , K). 

Let K C K 3 C S 3 = K 3 U {00} be a knot or a link, were we think of K as a specific 
embedding, rather than its isotopy class, and assume that with respect to the standard 
hight function inlR 3 there are finitely many local maxima of K occuring on small subarcs 
Hi, . . . , ii r of K. We allow the degenerate case that such a \ii is a horizontal arc, and we 
assume that the arcs ^ are labeled so that % > j implies that the hight of ^ is bigger or 
equal to the hight of We consider a (large) horizontal disk A above K and connect 
every ^ by a monotonically ascending arc Vi to A (see Fig. 5.2 below). We require that 
all Vi are pairwise disjoint and do not meet K other than at their lowest point (the initial 
point) . 

We first want to show that the complement H 2 of the handlebody Hi = N(K U 
{l>i, . . . , v r } U A) C S 3 is also a handlebody: This can be seen by contracting each 
while moving //j monotonically upward, until it hits A. The result is the disk A with 2r 
strands attached on its bottom side which descend monotonically until they reach a local 
minimum of K. These strands are braided, but there is an ambient isotopy of A which 
moves their endpoints around so that the braid becomes trivial. This moves H\ into a 
standard position in S 3 , and hence the complement Hi is also a handlebody. 

o O 

Next we want to show that the isotopy class of E = dHi = dH 2 in HI — N(K) does 
not depend on the particular choice of the arcs 1^ : For the top arc vi this is clear, as there 
is only one isotopy class of monotonically ascending arcs. For the second top most arc v 2 
there is more than one possible isotopy class, but it is easy to see that the various choices 
can be obtained from each other by sliding the terminal point of v 2 over A U vi . Similarily 
we slide 1/3 over AUfi Uz/ 2 to get all possible isotopy classes for z/ 3 , and so on. The isotopy 

o 

class of E inR — N(K) is not changed during these moves, which proves our claim. This 
justifies the following: 

Definition 5.3. The above Heegaard splitting (Hi -N(K),H 2 ) of S 3 — N(K) is called 
the canonical top Heegaard splitting of the given knot or link K and is denoted by Et op . 
Similarly, if we invert the hight function i.e., replacing maxima by minima and making 
the other corresponding changes, we define the canonical bottom Heegaard splitting of the 
given knot or link K, denoted by E^. Notice that these Heegaard splittings depend on 
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the actual embedding of the curve K in S 3 =KU {00} and not just on its ambient isotopy 
class. 

We now want to change the viewpoint slightly: Suppose {fi 8 , . . . , fit} is a subset 
of {fii, . . . , fi r } contained in the same horizontal plane Q. Consider any monotonically 
ascending subarc k of K which crosses Q transversely and connects it to some \xa on a 
strictly higher level. We isotope all of the arcs v 8 ,...,vt by sliding their terminal point 
down along v& and then along k (keeping them throughout pairwise disjoint and their 
interiors disjoint from K) until they become horizontal arcs v' s , . . . ,v' t contained in the 
plane Q. Furthermore we allow iterative slides of any of the v[, within Q — K, over any 
other v'y Again, these slides do not change the isotopy class of the resulting Heegaard 
splitting. 

In this way we obtain an alternative description of the top canonical Heegaard split- 
ting, defining Hi as neighborhood of K and of a system of horizontal and vertical arcs. In 
particular this shows the following: 

Remark 5.4. For the special case of a 2n-plat K the above defined canonical top Hee- 
gaard splitting S top coincides, up to an isotopy in S 3 — N(K), with the canonical top 
Heegaard splitting associated with a 2n-plat. 

We consider now the case of a knot or link K carried by a generalized (!) trellis T and 
compare its canonical top Heegaard splitting £ top to the top Heegaard splitting H top (n) 
of the knot projection K(n) obtained from K by an n-flype as defined in Section 3. 

Consider the 2n local maxima arcs \ii of K{n) on the same hight level which are 
generated by the n-flype. They are contained in some horizontal plane Q and are connected 
by vertical arcs z/j fe , k = 1, . . . , 2n , to the disk A. Let Hi be the horizontal local maximum 
arc between the two vertical strands on the interior pair (e^e^fe) at which the flype 
is performed, and let u io be the corresponding vertical arc. Now slide these arcs u ik , 
k = 0, . . . , 2n , as described above so that they become pairwise disjoint horizontal arcs on 
Q (as indicated in Fig. 5.2 below). 

Now undo the flype, and obtain a system of arcs u* with endpoints on K = K(0) 
which looks as follows: There is a horizontal arc v* (corresponding to z^ ) , together with 
n vertical arcs on the left and n vertical arcs on the right of the interior pair (e^j, e^fc). 
The tunnel v* either connects the two vertical strands winding around e^-, or else those 
winding around e^fc. In the first case (the second is similar) we can slide one endpoint of 
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each of the vertical arcs v* on the left of (e^j, e^k) over a subarc of K winding around 
the edge e^- and over the arc v% to transform it into a trivial tunnel (see Fig 5.3). 



Fig. 5.2 



Fig. 5.3 

Then we can slide the left endpoint of the arc v* up along K and some /Zj, then 
through the disk A and over some of the v\ of higher index, and finally back down on some 
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other vertical arc Hh and a subarc of K so that it reaches a position where it is a small 
horizontal arc which connects the two vertical strands of K which wind around e^k • We 
then do the same arcs slides on the right of (e^e^fe) as we did before on the left and 
hence also transform the other n arcs v* into trivial tunnels, thus proving the claim. 

This transforms all the 2n vertical arcs vi into trivial tunnels: Each i/, is a small arc 
with boundary on K which bounds together with a small subarc of if a small disk in H 2 
and hence meets a cocore disk in Hi transverse to Vi precisely in one point. We obtain: 

Proposition 5.5. If the knot or link K is carried by a generalized trellis T, and if K{n) is 
obtained from K by an n-fold Hype at some interior pair, then the canonical top Heegaard 
splitting of K(n) arises from that of K by 2n stabilizations. 

□ 

We finish this section by considering the change of the canonical top Heegaard splitting 
induced by adding vertical tunnels: 

Lemma 5.6. Let K C M 3 be a knot or link, and let {vi, z/} be a set of horizontal or 
vertical arcs which determine the canonical top Heegaard splitting. Let {cxj} be a set of 
horizontal arcs with endpoints on K which are pairwise disjoint and meet if U {z/j, z/} only 
in their endpoints. Then the resulting surface dN(K U {i/j} U {otj}) is a Heegaard surface of 
S 3 —N(K), and it arises from multiple stabilization of the canonical top Heegaard surface 
T, top for K. 

Proof. We first bring the horizontal arcs v'- into a monotonically ascending position i/j, 
by succesively sliding one of their endpoints over some of the other v' k , some of the \ii , 
and over one of the until it reaches A. This can be done without changing the position 
of the «j. Next we contract the arcs by sliding the ^ up until they hit A (as described 
in the begining of the section). We then move the cti iteratively up, starting always with 
the top- most one, until they reach A. There they form a collection of trivial arcs with 
endpoints on A, which proves the claim. 

□ 
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§6. Stabilizing horizontal Heegard splittings 

Given a Heegaard splitting of a 3-manifold M, we can obtain a new Heegaard splitting 
by adding a pair of 1-handles, one to each handlebody, so that their cocore disks intersect 
in a single point. We will call this operation a stabilization. It is well known that any 
two Heegaard surfaces E and £' of M become isotopic after a sufficiently large number 
of stabilizations on both Heegaard surfaces. If q > or less such stabilizations on either 
surface suffice for such an isotopy, we will say that E is g-isotopic to E'. In general it is 
difficult to determine the minimal possible such q; an upper bound depending linearily on 
the genus of the two surfaces has been given recently in [RS]. 

Note: Throughout this section we will always assume that K is a knot. 

Part (a) of the following statement seems to be known; for completeness we include a 
proof. 

Lemma 6.1. 

(a) Let K C M be a knot. Every Heegaard surface E of a pair (M, K) is 1-isotopic in M 
to a vertical Heegaard surface of (M, K) and in particular to a Heegaard surface E* 
ofM-N(K). 

(b) Let K E S 3 be a knot and E a Heegaard surface of the pair (S S ,K). Let K' the 
core of the surgery filling in E(^), and E& the Heegaard surface of the pair (E(|), K') 
defined by E as in Section 1. Then E* and T,* k , defined as in part (a) for M = S 3 and 
M — E(^) respectively, are isotopic to each other in S —N{K) = M —N(K ), for all 
keTL. 

Proof, (a) Let Hi and H 2 be the two handlebodies of the Heegaard splitting of M given 
by E. We choose a regular neighborhood N(K) C M and a meridional disk D for N(K). 
Consider the arc r = dD n Hi . It is properly embedded in Hi and has endpoints on 
different sides of K in E n N(K), see Fig. 6.1 below. We drill out a small neighborhood 
N(t) of r from Hi and add it to H 2 , to obtain two new handlebodies H*, H% with common 

o 

boundary d(Hi —N{t)) = d{H 2 U N(t)). This defines a new Heegaard splitting of the 
pair (M, K) which is of genus one higher than the original one. It is a stabilization of E, 
as a cocore disk D" C N(r) C H 2 meets the disk D' = D n H* exactly once. The disk D' 
meets K precisely in one point. Hence the new Heegaard surface is a vertical Heegaard 



30 



surface with respect to K. If we isotope the new surface slightly off K into _£f| we obtain 

o 

the desired Heegaard surface E* of M —N{K). 

(b) We can canonically identify S 3 —N(K) with E(-i) —N(K'). After we push the surface 
E off K into H 2 C S 3 — N(K) it is canonically identified with the surface E fc pushed off 
N(K'). This from from the fact that the closed manifold E(-j;) can be obtained by gluing 
Hi to H 2 along their boundaries, but with the gluing map from S 3 modified through /c-fold 
Dehn twist at K, see Section 1. 

As explained above in (a), the surface E* is obtained from E using an arc r C S 3 — 

o o 

N{K) = E(-|) —N(K') with endpoints on E, and E£ is obtained similarly from E^ by an 
analogous arc r k C - N(K') = S 3 — N(K). These two arcs differ essentially in that 
Tfc runs once around dN(K), as does r, but in addition r k runs k times parallel to K. 
However, we can define an isotopy between E* and E£ by sliding one "foot" of N(r) k 
times around a curve K" on E* which is parallel to f on S. 

□ 



Fig. 6.1 

Remark 6.2. Notice that Lemma 6.1 remains correct if we replace the knot K by a 
(/-component link L and "1-isotopic" by "g-isotopic" . This is because one can do the 
same operations as explained in the last proof, with one stabilization required for each 
component of L . 

Remark 6.3. Let K C S 3 be a knot carried by some generalized trellis T, and let E be 
the associated trellis Heegaard surface. Then T is a spine of the handlebody Hi = N(T). 
After drilling out a properly embedded arc r C Hi and isotopying the boundary of the 
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new handlebody slightly off K as in the proof of Lemma 6.1(a), we can enlarge the tunnel 
N(t) and thus "peel off' N(K) from H x to get a handlebody H[. The boundary £' = dH[ 
is isotopic in S 3 — K to the Heegaard surface £* from the proof of Lemma 6.1. Compared 
to Hi the new handlebody H[ contains an extra handle, namely the neighborhood of the 
peeled off knot K. The core K of this extra handle is connected to T by a small arc a 
which we call the stem of the knot, see Fig. 6.2 below. 



Fig. 6.2 

For the next proof we need to introduce a new operation on the trellis T, called a top 
(or bottom) horizontal edge slide. It consists of taking the top (or the bottom) vertex w of 
a vertical edge e which is the outer-most (say left-most) vertex on some horizontal line of 
T, and sliding w along that horizontal line to the other end. The edge e is isotoped into a 
position behind the original trellis T, and its top (bottom) endpoint is now the right-most 
endpoint of the new horizontal line. A picture is given in Fig. 6.3. 



Fig. 6.3 
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Notice that whenever K is carried by T, then such an edge horizontal slide will induce 
an isotopy of K, as we keep K on dN(T) throughout the edge slide. With respect to the 
new twisted trellis, obtained after the horizontal edge slide, the long arc of K on the back 
of the old trellis (at the hight level of the horizontal line of T along which the horizontal 
edge slide was performed) has now become a short right-most horizontal arc on the front 
of the twisted trellis, while the former left-most short horizontal arc on the front has now 
become a long horizontal arc on the back. 

Lemma 6.4. Let K be a knot carried by a generalized trellis T, and let v be the left-most 
vertex of the top horizontal line of T. Then there exists a finite sequence of horizontal 
edge slides on T such that the resulting twisted trellis T' has the following property: 
If one starts to slide a point x E K close to v along the subarc of K which runs 
parallel to the whole length of the top horizontal line of T' and then once around K, 
then, for every horizontal layer ofT', x will completely traverse the top and the bottom 
horizontal line, before it ever crosses over more than one vertical edge (called a "special 
edge" from that horizontal layer. 

Proof. The point x starts moving along K by traveling first along all of the top hor- 
izontal line of T, and then down, winding around the right-most vertical edge e of the 
first horizontal layer. According to whether the twist coefficient of e is odd or even, the 
point x has to continue by sliding towards the left or towards the right. Correspondingly 
we apply a top horizontal edge slide to all vertical edges of the second layer which have 
their top endpoints to the left (or to the right) of the bottom vertex of the special edge e, 
and similarly a bottom horizontal edge slide to all edges of the first layer which have their 
bottom endpoints to the left (or to the right) side of the bottom vertex of e. 

As a consequence x ends up on the subarc of K which completely traverses the second 
horizontal line of K, and we have to consider the possibility that the endpoint of this 
horizontal line is the bottom endpoint of a vertical edge in the first layer. In this case x 
will move again up into this first layer, until it eventually reaches a vertex on the second 
horizontal line which contains the top endpoint of a vertical edge e' from the second 
horizontal line. Then x slides down on K into the second layer, winding around the 
special edge e' , and we have to repeat the procedure just explained, with e' replacing e. 
This is repeated finitely many times until we have swept out all horizontal lines of K. 

□ 
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Proposition 6.5. For any knot K C S 3 , carried by a generalized trellis T, the associated 
trellis Heegaard surface E is 1 -isotopic in E ( | ) = if ( ) ; f or an y k e 2L , to a multiple 
stabilization of the canonical top or bottom Heegaard surfaces E top or E^ associated to 
K. 

Proof. We first change the trellis T (and the knot K accordingly) by doing horizontal 
edge slides so that it satisfies the conclusion of Lemma 6.4. Let E be the trellis Heegaard 
surface for the pair (S 3 ,K) given by the resulting twisted trellis, still called T, and let 
K' be the core of the surgery filling of E(^). We stabilize E in E(|) to get the vertical 
Heegaard surface E* of E(|) —N(K') = S 3 —N(K) as in Lemma 6.1 (a). By Lemma 6.1 
(b) this is isotopic in S 3 — N(K) to the Heegaard surface E' defined by H[ in Remark 
6.3. Let cr be the stem as defined there. We will prove the proposition by describing a 
sequence of slides of the edges of T and of a. We always think of £' as of the boundary of 
a small regular neighborhood of the handlebody spine which is isotoped along throughout 
the sequence of slides. 

We first introduce a slide of the stem a in S 3 which keeps the knot endpoint of a on 
K and the trellis endpoint on T. This can be done in such a way that the stem is always 
a short straight arc, for example by keeping it throughout the slide perpendicular to the 
edge of the trellis along which the trellis endpoint of a is moving. In particular this shows 
that we can freely choose the starting position of a. We choose as starting vertex for the 
trellis endpoint of a the top left corner vertex v of T, and for the knot endpoint the point 
x given by Lemma 6.4. 

The stem slide is now defined by sliding a in the described fashion so that its knot 
endpoint moves around K exactly once. Note that, by the time it comes back to v, every 
edge e of T has been traversed precisely twice by the trellis endpoint of a. 

Next we introduce, for every edge e of T, a second comming slide as follows: Immedi- 
ately after traversing e for the second time, i.e., with the stem positioned at the "second" 
endpoint x of e, we interrupt the above stem slide. We isotope the edge e of the trellis 
along the knot, by sliding its endpoint x first over the stem a and then back along K, so 
that e is now replaced by a new stem which is attached to the other endpoint of the former 
edge e. As this is done after the second and last time the trellis endpoint visits the edge 
e, we can complete the above stem slide of a once around K, although the edge e is now 
missing in T. 
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We define the second coming procedure as follows: Perform the stem slide, but as the 
stem a slides around K do the second comming slide to every edge e of T. This creates 
lots of new stems and eliminates eventually all edges of the trellis. We now investigate 
more precisely the effect of this second coming procedure on the edges of the trellis: 

Before doing this procedure, vertical edges of the trellis had either 2, 3 or 4 adjacent 
horizontal edges, depending on their location in the trellis. Consider a vertical edge e 
which had 4 adjacent horizontal edges. Notice that it follows from the horizontal edge 
slides performed at the beginning of the proof in accordance with Lemma 6.4 that in the 
stem slide the trellis endpoint of a traverses each of the 4 horizontal edges at least once 
before it crosses over the vertical edge e for the first time . Hence the first passage of the 
trellis endpoint through e will produce precisely one stem at one of the endpoints of e, and 
none at the other. The second passage through e will produce a stem at each of the two 
endpoints of e. Thus for every vertical edge e with 4 adjacent horizontal edges the second 
coming procedure gives precisely a single stem at one of the endpoints of e and a double 
stem at the other. Note that this double stem has none of its endpoints on the string of 
the knot K which runs horizontally on the back of £. Instead, it connects the two strings 
of K which wind around the vertical edge e. 

By similar considerations the same conclusion holds for vertical edges with 3 adjacent 
horizontal edges, if the analogous assumption is satisfied. This includes the horizontal edge 
in the first layer with v as top vertex (even if it has only 2 adjacent horizontal edges), as 
can be seen directly from the fact that the original stem, in final position, will be placed 
with trellis endpoint at v. 

Observe now that, as a consequence of the horizontal edge slides performed on T 
and K at the beginning of this proof, the only vertical edges in T with only 2 adjacent 
horizontal edges are possibly the special edges from Lemma 6.4 or the edge with endpoint 
v. Hence, by the time the trellis endpoint of a has returned to the starting vertex v, there 
will be a double stem at the top or the bottom of the corresponding twist box for all 
vertical edges except for the one special edge in every layer. 

The Heegaard surface E" isotopic to £' which results from the second coming proce- 
dure is hence obtained from K by introducing the tunnel system given by all the double 
stems (the single ones can be deleted without changing the isotopy class of £"). Thus it 
follows from Lemma 5.6 that E" is isotopic to a multiple stabilization of either, the top or 
the bottom vertical Heegaard surface Y> t0 p or E^. 
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□ 



We can now apply the above proposition to knots with flypes and obtain: 

Theorem 6.6. Let T be a generalized trellis with an interior pair of edges, and let T(n) 
be the trellis obtained from an n-Qype at this edge pair. Let K C S 3 be a knot carried 
by T. Then for all n e TL the trellis Heegaard surface S(n) C K{ 1+k ^ K) ) of genus 
g(T(n)) = g(T) + 2n, given by the trellis T(n), is 1-isotopic to a multiple stabilization of 
the canonical top or bottom Heegaard surfaces E top or E bot of K( 1+k ^ K ^ ), defined by the 
trellis projection of K before the flypes. 

Proof. This is an immediate consequence of the last Proposition 6.4. and of Proposition 
5.5. 

□ 

Remark 6.7. An alternative proof of the last theorem can be given by combining a result 
of Sedgwick [Se] with Proposition 6.5. Notice that Sedgwick's proof applies to a more 
general situation than the one given by trellisses, since it is a local proof. Consequently, it 
is not possible to deduce the statement of Proposition 6.5 by his methods, as that statement 
is of global nature. 

Proof of Theorem 0.3. The theorem follows directly from Proposition 6.5 and Theorem 
6.6. 

□ 
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§7. Stabilizing canonical vertical Heegaard splittings 



In this section we investigate the question of how many stabilizations are necessary so that 
the canonical top and bottom Heegaard splittings of a knot K C S 3 , given as a 2n-plat, 
become isotopic. It was proved by Hagiwara (see [Ha]) that n — 1 stabilizations always 
suffice. We give a new proof of this result and show that in many cases one can do with 
considerably fewer stabilizations. The following notion has been introduced, with minor 
technical variation, in [LM]. 

Definition 7.1. (a) A 2n-braid b will be said to have total width r G N if in its stan- 
dard projection 7r(6) C P (obtained from b by replacing every crossing by a node), every 
monotonically descending path in 7r(6) connecting the i-th strand at the top to the k- 
th strand on the bottom satisfies i — k < 2r — 1 , and r is the smallest such number, 
(b) A 2n-plat projection of a knot K will be said to have total width r e N if the underly- 
ing 2n-braid has total width r . 

Clearly for any 2n-plat one always has < r < n — 1. If r = then the braid in 
question defines the n-component unlink. If m is the number of horizontal layers of the 
plat, then one has r < (m + l)/2. 

We prove: 

Proposition 7.2. For every knot or link K C S 3 of width r the two canonical Heegaard 
splittings of S 3 — N(K) are r-isotopic. 

Proof. For each i with r + l<i<n — lwe consider the tunnel system consisting 
of the tunnels T\, Pi- r , Pi- r +i, p n -i- We claim that this system is isotopic to the 
system ti, Tj_i, Pi- r , Pi- r +i, p n -i, Vi where r\ is a trivial tunnel. Assuming this claim 
it follows from the symmetry between the top and from bottom tunnels that the system 

7~i, Tj_l, Pi- r , Pi- r+ l, Pn-1, V 

is isotopic to the system 

Tli •••5 1, Pi — r — i, Pi—r, Pn — 1- 

Thus we conclude inductively that 
is isotopic to 

Tl, ...,T r ,pi,p 2 , ...,p n -l. 
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It follows from Lemma 5.6 that these systems are just the canonical systems with r trivial 
tunnels added. 

It remains to prove the above claim. The assumption on the total width of the 2n-plat 
K implies that there is no monotonocally decending path connecting the 2i-th strand on 
the top to the (2(i — r) — 2)-strand on the bottom of the plat. In other words, the left most 
monotonically descending path 7 in tt(K) which starts at the top of the 2i-th string must 
end at the bottom of some k-th string with k > 2(i — r) — 1. We consider the handlebody 
W = N(K U T\ U ... U Tj_i U pi- r U Pi- r +i U ... U Pn-i) and, for all j = i — r, n — 1, we 
introduce cocore disks Dj for the tunnels pj (see Fig. 5.1). 

Consider now an equatorial 2-sphere S which intersects K just below the top bridges 
and cuts off a 3-ball B with n unknotted arcs t\, . . . ,t n (the top bridges), as indicated in 
Fig. 7.1. 



Fig. 7.1 
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Let (3 be an arc in S which is isotopic relative boundary to the top tunnel Tj . Consider 
an isotopy X of S determined by moving the sphere monotonically down, so that at each 
level we have a horizontal 2-sphere, to a level just above the the bottom bridges. The 
isotopy X moves the intersection points Uj =1 {tj fl S} in such a way on S that it braids the 
arcs tj according to the strands of the given 2n-plat K. Let (3' be the image of (3 after the 
isotopy X. 

We can assume without loss of generality that each crossing of 7t(K) lies on a distinct 
height level, called a "critical" level. The left-most descending path 7 in 7r(6), defined 
above, determines at each horizontal level a split of S into a "left" and "right" half. (To 
be precise, S — {00} is split along 7r _1 (7), where 71 :R 3 — > P is the orthogonal projection.) 
As we move S by the isotopy X through a critical level we see iteratively that X can be 
chosen so that the arc (3 is alway contained in an e- neighborhood of the right half of S 
determined by 7 , were e is smaller than the distance between any two strands of the plat. 
In particular, when £ has reached the bottom level, then the obtained arc (3' is positioned 
entirely to the right of the (2(i — r) — 2)-th strand. Thus we can isotope (3' on dW to 
become a small trivial arc i] by sliding it across the cocore disks -Dj_ r , -D n _x of the 
tunnels p;- r , • • • , p n -i- This proves the claim and finishes the proof of the proposition. 

□ 
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